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The SVM Optimization Problem

o] -
minimize §||W||2+Cz;fi
1=
yilwx; —b) >1-¢
&i >0

This can alternatively be written as

subject to { fori=1,---,n,
1 n
minimize §Hw]|2 + CZ&-
i=1

subject to & > max (O, 1 —yi(w.x; — b)) fori=1,---,n,
Introduce the notation

& > [1 —yi(w.x; — b)]+, where [z]4 = max(0, z)
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The SVM Optimization Problem: Continued

We will be working with the following formulation:

N SN .
m1n§||w|| + CZ [1 —yi(w.x; — b)

=1 *

Which contains the terms:
» (o-regularization of the weights

> hinge loss
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SVM is popular

» SVM solution is sparse—due to the hinge loss
» SVM uses a subset of training samples for prediction:
called support vectors

f(x) = Z Q;yiXiX — b
i=1

» SVM can be employed for nonlinear classification

—due to the kernel trick: f(x) =" | o;yik(x;,x) — b
» SVM has excellent generalization performance

—due to fs-regularization on the weights
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BUT...

» SVM solution, «, is usually not sparse enough
> sparsity is an issue because

1. classification/testing/prediction time
2. classifier space

» more importantly, sparsity of « is not easily controlled
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Figure: Graphs show that the number of support vectors does not have a

(a) Australian dataset

(b) Heart dataset

meaningful relation to the hyperparameter C' in the SVM optimization.
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Figure: Graphs show that the number of support vectors does not have a
meaningful relation to the hyperparameter C in the SVM optimization.
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BUT...

» SVM solution, «, is usually not sparse enough
> sparsity is an issue because

1. classification/testing/prediction time
2. classifier space

» more importantly, sparsity of a is not controllable
» number of support vectors grows with sample size
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Figure: Graphs show that the number of support vectors increase as the
number of samples grow.
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BUT...

» SVM solution, «, is usually not sparse enough
> sparsity is an issue because

1. classification/testing/prediction time
2. classifier space

» more importantly, sparsity of ax is not controllable
» number of support vectors grows with sample size
» for most real applications, linear SVM is used

> linear SVM is faster to train and test
» especially for OVA or OVO
> high-dimensional data is sparse



Related work in square loss minimization for classification

> In his PhD thesis, Rifkin (2002) claims hinge loss
is not the secret to SVM's success

» Rifkin proposes Regularized Least Squares Classification
(RLSC)
min [y — Xw/* + Afjw]|*
» and the nonlinear case
min [ly — Kec||? + A" Ke
Cc

» BUT

» resulting classifier is not sparse
» nonlinear RLSC takes longer than SVM to train



Related work in ¢i-regularization for sparse classifiers

> Yuan et al. (2010) compare several sparse linear classifiers

n
min [w + €'Y &(wxi, )
=1

> with the logistic, hinge, and square hinge loss
> Llog(W; X4, y;) = log (1 + exp(—wax))
» &, (WX, y;) = max (1 — wax,O)
> &, (Wi x;,y;) = max (1 —yw'x, 0)2
» BUT
» they don't consider those optimizing the square loss

> the square loss has several good
computational and statistical properties
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Classification
(Devroye et al., 1996)

» Find a function g : RP — {—1, 1} which takes an observation
x € RP and assigns it to y € {—1,1}

> g is called a classifier

> Probability of error or probability of misclassification

L(g) =P{g(X) #Y}
» The optimal classifier g* is

g*= argmin P{g(X)#Y}
gRP—{1,....M}

» and is called the Bayes classifier.
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Empirical Risk Minimization

» Minimizing L(g) is only possible with the knowledge of the
joint distribution of X and Y

» Given T, = {(xi,yi) :i=1,...,n} of n observations,
assumed to be sampled i.i.d. from the distribution of (X,Y)
» An estimate of L(g) is

1 n
Ln(9) =~ > Tgxtu}
=1

> called the empirical error—but it is intractable to compute
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Empirical Risk Minimization
Continued

» Consider classifiers of the form

0r(x) = {—1 if £(x) <0

1 otherwise

» where f : R? — R is a real-valued function in F
» The probability of error of g is

L(gy) = L(f) = P{sgn(f (X)) # Y}
=P{Yf(X) <0}

= E{l{yyx)<opt

» The quantity yf(x) is called the margin
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Empirical Risk Minimization

Continued

» Given T, once can estimate L(f) by L, (f)

1 n
Ln(f) = n Z Lyi fxi)<0y

=1

» where Iy, ¢(x)<oy is the 0-1 loss function
» minimizing the empirical error is computationally intractable

> we seek to minimize a smooth convex upper bound of the 0-1
loss
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Convex Loss

» The cost functional becomes

A(f) = E{o(Y f(X))}

> with its corresponding empirical form being

Anh) = 3" 6 x0)
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Convex Loss

Continued

» One can prove that the minimizer f*(z) of A(f) is such that
the induced classifier gy

o) {—1 if £*(x) <0

1 otherwise

» is the Bayes classifier (Zhang, 2004; Boucheron et al.,
2005)—thereby proving Fisher consistency of convex cost
functions
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Table: Well-known convex loss functions and their corresponding
minimizing function.

Loss function name | Form of ¢(v) Form of f5(n)
Square loss (1—wv)? 2n — 1
Hinge loss max(0,1 —v) sign(2n — 1)
Squared hinge loss | max(0,1 —v)? | 2np—1
Logistic loss In(1 + exp(—v)) | In 1 il

-7
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Two important insights

» Convex cost functions are all Fisher consistent.
» SVM estimates sign(2n — 1), whereas a least squares classifier
estimates 2n — 1

» thus giving us information about the confidence of its
predictions
» making it more suitable for OVA
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The Setting

» We have the linear inverse problem

b= Ax

where b € R", x € RP, A € R"*P; x is unknown.

» Many problems in ML are linear inverse problems, for e.g.,
> regression and classification: y = Xa, a is unknown;

» sparse coding: x = Da, a is unknown;
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Solution
Take |

a=X"ly

» What's the problem here?
» X is almost never invertible in our problems:
> needs to be square

» needs to have full column rank
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lll-posedness

» Case |

» If n=p or n > p, we say that the system of equations is
overdetermined.

> In this case, the solution to the inverse problem does not exist.

» Case Il
» If n < p, the system is underdetermined,

» and there exists infinitely many solutions.
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Solution
Case |, Take Il

> Instead of the equations, y = Xa, only minimize the residual,

min||y — Xa3

> this yields an approximate solution to the inverse problem, i.e.,
a=(X"X)"'XTy

» The solution exists if XX is invertible, i.e.,
» X must have full column rank

> o.w., the least squares solution is no better than the original
problem, which is the case for Case II.
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Regularization

» Regularize to incorporate a priori assumptions about the size
and smoothness of the solution.
» for e.g. by using the ¢ norm as the measure of size

» Regularization is done using one of the following schemes:
1 2
min 5”}’ —Xall; st |ai <T
min [|all; s.t. |ly — Xal; <e
min %Ily — Xa||2 + Mlajl; (Lagrangian form)

> Note that the schemes are equivalent in theory but not in
practice, since relations between 7', ¢, and X are unknown.
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Solution
Take Il

> Regularize, i.e.,

1
min 7 ||y — Xal[3 + Allx|3

» called ridge regression with the unique solution,
a* = (XX + \I)"'XTy.

» Note that XTX + A is nonsingular even when XTX is
singular.
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When n < p

High-dimensional Problem

» Standard procedure is to constrain with sparsity.
» To measure sparsity, we introduce the £y quasi-norm,

lallo = #{i : ai # 0}

» The problem becomes,

min ||allp s.t. y = Xa.

» Because of the combinatorial aspect of the £y norm, the
£o-regularization is intractable.



00000008000

Solution

Convex Relaxation
» Basis pursuit (Chen et al., 1995)

min ||al]; s.t. y = Xa.

» which is a linear program for which a tractable algorithm
exists, in this case:
» primal-dual interior point method

» solves the approximate problem, exactly

» To allow for some noise, Chen et al. proposed basis pursuit
de-noising, also called the lasso (Tibshirani, 1996)

1
QW—XM@+MMM
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Power family of penalties

£, norms raised to the pth power

(2

lally = (Z |a,-|1’)

» For 1 < p < o0, the above is convex.

» 0 <p <1, is the range of p useful for measuring sparsity.
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Figure: As p goes to 0, |z|? becomes the indicator function and |x|P
becomes a count of the nonzeros in x (Bruckstein et al., 2009).
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We train a classifier ( sign(f(x) = w'x+ b))
using the lasso optimization

» we find the best A\ using cross-validation on the training set

» we know that if we start with the smallest \ in
cross-validation,

> then we have the most compact classifier possible
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Figure: In these figures, we see that the number of nonzero elements of
the solution increases as we increase the regularization parameter A, thus
providing us with means to control the sparsity of the solution.



L o= 0m = om =

1001 ¢

# nonzero coefficients
g
3

(a) Mushrooms dataset
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solution increases as we increase the regularization parameter A, thus
providing us with means to control the sparsity of the solution.
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Table: Data set information: n denotes the number of samples, p
denotes the dimension of the samples, and #nz are the nonzero elements
of the n x p data matrix.

Data set n P
adultl 1605 123
adult4 4781 123
adult7 16,100 123
australian 690 14
colon 62 2,000
covertype 581,012 54
diabetes 768 8
heart 270 13
ionosphere 351 34
liverdisorders 8,124 112
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Table: In this table we see a comparison of three other classifiers with the
lasso on seven data sets. The hyperparameter is denoted by C or A,
depending on the algorithm. The number of nonzero elements in the
solution vector is denoted by #nz. The percentage of correctly classified
testing samples is denoted by Acc.

Dataset lasso SVM £1-reg L2SVM £1-reg logreg

A Acc #nz C Acc #nz C Acc #nz C Acc #nz

australian 10 86 14 2 86 68 20 86 14 5 87 14
colon 1 7 16 1 87 11 10 75 112 10 83 91
diabetes 10 80 8 1 75 105 10 77 8 10 76 8
heart 6 87 13 1.5 84 30 10 80 13 5 83 13
ionosphere 1 7 16 1 87 11 10 75 28 2 82 31
liverdisorders 2 46 6 2 62 70 5 66 6 5 67 6
mushrooms 2 48 13 2 100 90 10 100 96 20 100 95
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Table: In this table we present the results for ridge regression. The
solution is dense and hence the number of nonzero elemenst equals the
number of features.

Dataset ridge

australian 30 86 14
colon 6 87 2000
diabetes 40 76 8
heart 9 86 13
ionosphere 10 74 34
liverdisorders 8 35 6

mushrooms 20 49 112




Representation by sparse approximation

» To motivate this idea let's look at
» feature learning with sparse coding, and

> sparse representation classification (SRC)
> an example of exemplar-based sparse approximation




Unsupervised feature learning

Application to image classification

x = Da

» An example is the recent work by Coates and Ng (2011).
» where X is the input feature vector

v

could be a vectorized image patch, or a SIFT descriptor

v

a is the higher-dimensional sparse representation of x

v

D is usually learned
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Figure: Image classification (Coates and Ng, 2011).



Multiclass classification
(Wright et al., 2009)

> D= {(xi,yi) ix; € R™y €{1,...,c},i € {1,...,N}}
> Given a test sample z

1.
2.

3.

Solve min,epn~ ||al; subject to ||z — Da|% <o

Define {a, : y € {1,...,¢c}} where [a,]; = a if x; belongs to
class y, o.w. 0

Construct X (o) := {Xy(a) = Day,,y € {1,...,c}}

Predict § := argminge g lz — %x,(c)|)3
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Global methods

» In parametric approaches, the regression function is known

» for e.g., in multiple linear regression (MLR) we assume
M
z) = Z ﬂij +€
j=1

» we can also add higher order terms but still have
a model that is linear in the parameters 3;,v;

]:1
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Local methods

> A successful nonparametric approach to regression:
local estimation
(Hastie and Loader, 1993; Hardle and Linton, 1994; Ruppert
and Wand, 1994)

» In local methods:
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Local methods

Continued

» For e.g. in k-nearest neighbor regression (k-NNR)

a;i(z)
f) =3 ey,
) ;zﬁﬂamﬂ

> where a;(z) := In;, (z)(xi)
» Ni(z) C D is the set of the k-nearest neighbors of z
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Local methods

Continued

> In weighted k-NNR (Wk-NNR),

oo\ @)
o) =2 v

> ai(z) = S(z, %) " () (%4)

» S(z,%x;) = (z—x;) 'V 1z —x;)
is the scaled Euclidean distance
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Local methods

Continued

> In local methods:
estimate the regression function locally
by a simple parametric model
> In local polynomial regression:
estimate the regression function locally,
by a Taylor polynomial
» This is what happens in SPARROW, as we will explain
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Sparrow
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meant this sparrow
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SPARROW is a local method

» Before we get into the details,

> see a few examples showing benefits of local methods
> then we'll talk about SPARROW
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f(x) = (2® + 2?) I(x) + sin(z) [(—z).
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Effective weights in SPARROW

> In local methods:

» Now we define [;(z)
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Local estimation by a Taylor polynomial

» To obtain the local quadratic estimate of the regression
function at z

» we can approximate f(x) about z by a second-degree Taylor
polynomial

P~ () + (x = )70, + 5 (x— ) Hy(x — 2)

» 0, := Vf(z) the gradient of f(x),
H, := V2f(z) is its Hessian
both evaluated at z
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Local estimation by a Taylor polynomial

Continued

We need to solve the locally weighted least squares problem

mlnHz Zal [ Yi— )_(Xi—Z)Tez—%(Xi—Z)THz(Xi_Z)]Q

f(2),04,
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Local estimation by a Taylor polynomial

Continued

» This can be expressed as

2
2

\Ai/ [y - X,0,]

min
6.
> i = ai, y = [y, Y2, YN
1 (x1—2)7  vech®|[(x; —z)(x; — 2)7]
> X, = | : :
1 (xny —2)T vech®[(xy — 2)(xn —2)7]

> parameter supervector: @, := [f(z),@z,vech(Hz)]T
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Local estimation by a Taylor polynomial

Continued

» The parameters defined by the least squares solution:

0, = (XIA,X,) 'XIAy

» And so the local quadratic estimate is

f(z) = e{ (XZAZXZ)_IXZAZY

> Since f(z) = sz\il li(2)y;,
the ith effective weight for SPARROW is

li(z,D) = el ATX, (XL A, X,) e
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Local estimation by a Taylor polynomial

Continued

» The local constant regression estimate is

. ZieQ a;i(z)y;

f(z) = (lTAzl)_llTAzy = Zkeg ozk(z) .

» Look familiar?
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Observation weights in SPARROW

» To find «; we solve the following problem (Chen et al., 1995)

|lz—Dsl _ ,

min ||s subject to
25 el b RE

» o2 > 0 limits signal to approximation error ratio
» and D := [ -

X2 XN
Ix1ll27 [lx2lf27 """ ||XNH2}

> Finally, the ith observation weight in SPARROW is

S(z,x;) ]—1 Si

minyeo S(zx5)| 17l

;(z) = [
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Table: Summary of the four datasets we test. The last column indicates
the tuned parameter k used in the experiments involving k-NNR and

Wk-NNR.
Dataset | # observations (N) | # attributes (M) | k
abalone 4,177 819
bodyfat 252 14 | 4
housing 506 13| 2
mpg 392 7|4
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(a) Abalone dataset (b) Bodyfat dataset

Figure: Boxplots for 10-fold cross-validation estimate of mean squared
error (100 independent runs) for four different datasets. Each box
delimits 25 to 75 percentiles, and the red line marks median. Extrema are
marked by whiskers, and outliers by pluses.
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Figure: Boxplots for 10-fold cross-validation estimate of mean squared
error (100 independent runs) for four different datasets. Each box
delimits 25 to 75 percentiles, and the red line marks median. Extrema are
marked by whiskers, and outliers by pluses.
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Linear SPARROW

L-SPARROW should perform better than C-SPARROW
because it is a higher-order model

But a problem with higher-order models is that solutions
could become unstable

v

v

» We resolve the problem by solving
2
. 1/2
g:il\ ‘Az/ [y - XZGZ] 9 + )‘H@ZH%

The solution becomes

v

O(z) = (XZA,X, + A1) 'XZA,y.
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Table: A comparison of the MSE estimates obtained by 10 trials of
10-fold cross-validation of C-SPARROW and L-SPARROW without and
with ridge regression on the four datasets. The last column denotes the
ridge parameter used to obtain the L-SPARROW estimate.

Dataset | C-SPAR. L-SPAR. | L-SPAR. w/ RR A

abalone 5 16 988 | 1073
bodyfat | 5 x107° | 35 x107° 960 x 107> | 106
housing 10 45 4304 | 107*
mpg 7 8 6335 | 1073




Table: In this table we compare kNN and SRC on five multiclass
classification data sets.

Dataset n p | #classes k | kNN | SRC

dna 2000 | 180 3125 86 36
glass 214 9 6 2 70 65
iris 150 4 3 6 95 72
vowel 528 | 10 11 2 94 34
wine 178 | 13 3 7 97 99




Conclusions

» {1-regularized square loss minimization for classification is a
success both computationally and statistically

» (1-regularized square loss minimization for reconstruction is
not worth it

» simpler methods like kNN classification and WENNR are at
least as good



Recommendations for Future Work

>

Replace dictionary learning and sparse coding with k-means
and kNN for feature learning in image classification tasks

> Replace x;'s with ¢(x;) to get nonlinear classification
> Perform analysis on computational complexity of

£1-regularized square loss minimization methods
like (Yuan et al., 2010)
Try the elastic net (Prof. Rahmati's suggestion)

min [y — Xal|3 + Az|al3 + Atllvall

Prof. Ebadzadeh’s initial proposal on regularizing a, the SVM
dual variable, has been done before by Osuna and Girosi
(1999) in a paper entitled:

“Reducing run-time complexity of support vector machines”
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